DEDUCTIBILITY AND ANALOGY IN THE STUDY OF TRIANGLES (I11)
- the g-cevian triangle and the g-circumcevian triangle

Teodor Dumitru Valcan
,»Babes-Bolyai” University, Cluj-Napoca

Abstract. As in the first paper with the same generic title, in this paper we propose,
using logical deductibility relations and the method of analogy, to present some
interesting results in Triangle Geometry. Thus, we consider a triangle ABC and the
interior bisectors of the angles of the triangle, which intersect at point | and which
intersect the sides of the given triangle at points A’, B’ and C’, and the circumscribed
circle of triangle ABC at Ai, B1 and C;. Then, we will call the triangle A'B'C’ the |-
cevian triangle attached to the triangle ABC and the point I, and the triangle A:B1C;
we will call the I-circumcevian triangle attached to the triangle ABC and the point .
Using usual mathematical knowledge, valid in any triangle, but also the results
presented in the first work mentioned above, we can obtain a series of very
interesting geometric or trigonometric identities and inequalities, some of them very
difficult to prove, synthetically. On the other hand, these new geometric or
trigonometric relations introduced in certain derivable or only integrable functions,
can involve a series of differential or integral identities or inequalities, particularly
interesting. The work is, exclusively, of the Didactics of Mathematics and is
addressed, equally, to pupils, students and teachers eager for performance, in this
field of Mathematics or, in Mathematics, in general.

Keywords: deductibility, analogy, triangle, cevian, circumcevian, circle, medians,
geometric / trigonometric, identity, inequality

Specifications

The present paper is a particularization and continuation of the paper (Vilcan,
2021).

The work is, exclusively, of the Didactics of Mathematics and is addressed,
equally, to pupils, students and teachers eager for performance, in this field of
Mathematics or, in Mathematics, in general.

The end of a proof or a mathematical propositions which does not prove will be

marked with """,
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Preliminaries

According to what was stated above, in this paragraph, we will present the main
results obtained in (Valcan, 2021), keeping the numberings and notations there. In
this sense, we consider a triangle ABC and the following definitions — see the figure
below.

Definition 2.1: A triangle inscribed in triangle ABC is called a triangle ABC/, the
vertices of which are on the sides of triangle ABC, i.e. for which A’e(BC), B ’e(CA)
and C’e(AB).

Definitions 2.2: Let ABC be a triangle and the cevians AA’, BB’ CC” which
intersects at point K, with A’e(BC), B’e(CA) and C’s(AB). Also, let Ay, B1, C1 be
the points where these cevians intersect the circle circumscribed to the triangle ABC
for the second time. Then:

> the triangle ABC"is called the K-cevian triangle attached to the triangle

ABC and the point K;
» the triangle A:B:C; is called the K-circumcevian triangle attached to the
triangle ABC and the point K.

So, the K-cevian triangle attached to a triangle and the point K, is the triangle
formed by the intersections with the sides of the respective triangle, of three cevians,
which intersects at point K, and the K-circumcevian triangle attached to a triangle
and the point K, is the triangle formed by the intersections (the second time) with
the circle circumscribed to the respective triangle, of three cevians, which intersects
at point K.

If [AA’, [BB’ and [CC’ are the medians of triangle ABC, with A’e(BC),
B’'e(CA) and C'e(AB), then these medians intersect at point G, called geometric
centroid / center of mass or else center of gravity of triangle ABC and AA'B'C’ is
called the G-cevian triangle attached to triangle ABC and point G. If A, B1, Cy are
the points where these triangle medians intersects the circle circumscribed by the
triangle a second time, then AA1B1C: is called the G-circumcevian triangle attached
to the triangle ABC and point G.

We specify the fact that the G-cevian triangle is also called the medial triangle
of the triangle ABC. We will denote by a, b, ¢ the lengths of the sides of triangle
ABC, by &', b’, ¢’ that the lengths of the sides of triangle A’'B’C’ and by as, b1, ¢ the
lengths of the sides of triangle A:B1C:. We will also denote by S’, p’ and ' - the area,
semiperimeter and radius of the circle inscribed in the triangle A’B’'C’ and with S,
p: and ri — the area, semiperimeter and radius of the circle inscribed in the triangle
A:B:Cy.

We assume that the following equalities hold:
BA'=a-BC, CB'=B-CA and  AC'=y-AB. (2.1)
Then,
A'C=(1-a)-BC, B'A=(1-B)-CA and C'B=(1-y)-AB. (2.2)
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S=2-afyS=2(1-a)(1-H) (1-) S. (2.13)

S'< % . 2.17)
a’=y(1-p) a*+(1-p) (1-f7) b*+y{(f+ 1) % (2.20)
b 2=a(a+ 1) a*+(1-y) (1-a-7) >+ a(1-)) b?; (2.20")
¢ 2=(1-0) {1-a- ) @2+ B{ o+ f-1) b2+ B(1-0) . (2.20")

Regarding the S; area, we make it clear that, in general, it cannot be precisely
determined / calculated, because this depends on several parameters. For example,
if we make the following notations:

not. not.
<ABB'=xAA;B; = X, xBCC'=«xBB;C = y
not.
and ICAA'=2CCi1A; = Z, (222)
then:
not. not.
<B'BC=«CC;B; = B-X, <C'CA=xCALA = C_y
not.
and IA'AB=2A1B1B = Az, (2.23)
But:
not. not.
2C1A1B: = A1:C-y+x, <A1B:.C; = Ble-Z+y,
not.
and 4B1Ci1A1 = C1=B-x+z. (2.24)
Then, we obtain that:
a1=2-R-sin(C-y+x), b1=2-R-sin(A-z+y) and c¢;=2-R-sin(B-x+2), (2.25"
p1= a,+b,+¢ =R-[sin(A-z+y)+sin(B-x+z)+sin(C-y+x)]
=4'R'cosA_Z+y'cosB_x+Z'cosC_BZHX; (2.26)
—a-b G 5o i i .
Si= s =2-R%-sin(A-z+y)-sin(B-x+z)-sin(C-y+Xx); (2.27)
S _ _ _
n=2=aRsin ATZHY §jnBoX+2 6, CoyFx (2.28)
P, 2 2 2
Next, we will calculate the lengths AA’, BB’ and CC':
Proposition 2.8: The following equalities hold:
AA2=(c?-a) a*+ab’+(1-a) <7 (2.29)
BB 2=(1-p) a*+ (> p) b*+ Bc?; (2.29")
CC?=ya’+(1-y) b*+(-p) <% [ (2.29"
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On the other hand, the following equalities hold:

AA= o (1-o)-a’® , (2.34)
J@? —o)-a’+o-b’+(@A-a)-c?

BB B-(1-P)-b’ , (2.34)
J@-B)-a%+(B*—B)-b? +p-c?

C'C= y-@-v)-c® O (2.34")

Jr-a? +@-7)-b? + (" —y)-c’
Applying Menelaus' Theorem in the triangle ABA' for the transversal C'KC,
we obtain:

KA _(-a)-A-y) _a-B

KA % 1-B
(2.36)
KB’ — (1_ (X,) ) (1_ B) :—B il and KC’ :—(1_B) : (1_Y) =Y . (236,)
KB a 1-vy KC B 1-a
From the equalities (2.36) and (2.36"), it follows that:
KA’ KB’ KC’ o-P-y 1
. . = o Byv=o-By< = [
KA KB KC (l-a)-(1-B)-(1-vy) oBymapy 8
(2.37)
From the equalities (2.40) and (2.41), by addition, we obtain that:
a-(1-a)-a°
SaBac = T AA? (2.42)
Analogously, obtain that:
B-(L-B)-b* y-(L-y)-¢’
S ACB,A = T S and S AAC,B :T -S. (242’)

From these last three equalities, it follows that:
2 2 2
S aBAC TS acB,A TS AACB S% 'EA{;’Z + BbB’2 + Ci:’z ] 0 (2.43)
From here, it follows that:
_()L-(l—oc)-a2 a’
TTAN AN
Analogously, obtain that:

A'A; (2.45)
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B-(-p)-b* __b° h(l-p)¢ ¢

B'B.= and C'C1=

At the end of this paragraph, we have the following results:
Proposition 2.9: The following equalities hold:

AA= o-b?+(@1-a)-c? ;
J©@?—0)-a’+o-b?>+(@1-a)-c?
BB,= (1_B)'a2 +B'C2
J@-p)-a®+ (B> -p)-b> +p-c?
y-a®+(1-y)-b®

Jr-a® +(1-p)-b*+(r* —y)-¢’

CCi= U

Main results

BB"  4.BB CC' 4.cC

(2.45')

(2.46)

(2.46")

(2.46")

In this paragraph we will refer to the G-cevian triangle and the G-circumcevian
triangle attached to a triangle ABC and the point G — the triangle centroid of this

triangle ABC.

Consider the figure below, where [AA’, [BB’ and [CC’ are the medians of
triangle ABC, with A’e(BC), B’e(CA) and C'e(AB), which intersect at point G —
the triangle centroid of triangle ABC and where Ai, By, C; are the points where these
medians intersect the circumscribed circle of the triangle for the second time. So,
according to the above, AA'B’'C’ is the G-cevian triangle attached to triangle ABC
and point G, and AA:B1C; is the G-circumcevian triangle attached to triangle ABC

and point G - see the figure below.

We remind you that AA'B'C’ is also called the medial triangle associated with

triangle ABC.
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According to the hypothesis, we obtain that:

AB=2 =AC, Bc=P =pA, cAa=S =cB.
2 2 2
So, in this case,
1
o=P=y=—. 3.1
p=y 5 (3.1)
Then:
1) From the equalities (2.13) and (3.1), we obtain that:
1
S'==—.S. 3.2
7 (3:2)

So, the inequality (2.17) becomes equality.
2) From the equalities (2.20), (2.20") and (2.20"), we obtain the lengths
of the sides of the G-cevian triangle:

a

a'=B'C'=—, 3.3
5 (3.3)
b

b'=A'C'== , 3.3
5 (3.3)
C

C=AB'=Z. 3.3"
5 (3.3)

The equalities (3.3), (3.3") and (3.3") can also be obtained from the
characterization theorem of the middle line in the triangle.
From the equalities (3.3), (3.3') and (3.3") it follows that:
_a'+b'+c¢ _a+b+c_p

o’ =E. (3.4)
2 4 2
and, from the equalities (3.2) and (3.4), it follows that:
r'= g = i = L
p’ 2-p 2
(3.5)

and
_ab-c’_a-b-c_R

!

. (3.6)
4.5 8-S 2
3) Equalities (2.22), (2.23) and (2.24) remain valid. Moreover,
segments [A’'B’], [B'C’] and [C’'A'] are midlines in triangle ABC. So,

A'B’ || AB, B'C’' || BC, C'A |
AC
and:
<C'A'B=<xACB=C, <B'A’'C=xABC=B.

It follows that:
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<C'A'B’'=n-B-C=A, <A'B'C'=n-A-C=B

and IB'C'A'=n-A-B=C;
S0:
IA'=A, <B'=B and %C'=C. (3.7)
On the other hand,
not. not.
2BAC; = A1=¢:BGC-A, <A:B.C; = 81=<IAGC-B,
not.
and <A:C.B; = C1=<AGB-C. (38)
But, we know that:
not. 2 2 2 not. 2 2 2
AA,2:m§:2.(b +c%)—a , BB’2=m§=2'(a +c)—b
4 4
not. 2 2 2
and cc?=m’=2 @ +b)-c (39
Applying the Cosine Theorem to the triangle BGC, we obtain that:
BC?=BG?+CG?-2-BG-GC-cos(¥BGC),
namely:

2-& m2+n’]2 23 E qBGC
a-g( p+Me)- -3-mb-3-mc-cos( );

from which it follows that:

4
—.(mZ+m?)-a’

cos(¥BGC)= 8 . (3.10)
6 . mb . mC
From the equalities (3.9) and (3.10), it follows that:
b’ +c?-5-a°
8-mp-m¢-cos(¥BGC)=h?+c?-5a%, namely:cos(qBGC)zg— (3.11)
Then,
S=Sxaec=3-S -3i 2 2 in(¥BGC);
=OMABCT3-OaB6C=3 S - g “‘Mp- 3 -Me-sin( );
from which it follows that:
. 3-S
<L = 12
sin(XBGC) 2, m. (3.12)
From the equalities (3.11) and (3.12), it follows that:
12-S
4 =
tg(¥BGC) 22 522 (3.13)
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Analogously, we obtain that:

12.S
tg(¥AGC)= o2

- - - X =
2 5.0 and  tg(¥AGB)

arprse 1)

Now, according to the equalities (3.8), (3.13) and (3.13’), it follows that:

Aj=arctg (L] -A, Bi=arctg [Lj -B,
b?+c*-5-a? a’?+c?—-5.-b?
— 12-S
and Cip=arctg| —— <=2 |-C. (3.14
' g(a2+b2—5~c2j (3.14)
Now:
4) The equalities (2.25") become:
_ L . 12-S
a1=2-R-sinA;=2-R-sin _arctg m -A and
analogues:
_ L . 12-S
b1=2-R-sinB;=2-R-sin _arCtg m -B ,
| 12-S
€1=2-R-sinC;=2-R-sin _arCtg m -BJ. (3.15)
5) The equalities (2.26) become:
0= 3 +b +¢, _2-R;-sinA, +2-R;-sinB; +2-R, -sinC,
2 2
=R-(sinA1+sinBl+sinC1)=4-R-cos% -cosi -cos&
—4Rcos =2 cosP=B -cosy_c, (3.16)
2 2 2
where:
o=arctg [L) B=arctg [Aj ,
b?+c?-5-a° a’?+c?-5-b?
12-S
and =arctg| ——='2 |, 3.17
! g[a2+b2—5~czj 3.17)
in which case:
Ai=a-A, B.:=p-B and  Ci=y-C. (3.18)

6) The equalities (2.27) become
Si= % =2-R%sinA;-sinB1-sinC1=2-R%sin(a-A)-sin(B-B)-sin(y-C).  (3.19)
7) The equalities (2.28) become:
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r=4-Rysin 2L sin B sin & =4.R.sin 222 sin
2 2 2 2
or, from the equalities (3.16) and (3.19):
_ S, -2-R’:sinA, sinB,-sinC, _, o i a-A . B-B o
2

=
A B
Pr  R.cos”L.cos . 005,7l

Now the lengths AA’, BB’ si CC' become the lengths of the medians of
triangle ABC.
8) From the equalities (2.29), (2.29') and (2.29") we obtain the equalities:

2 2 2 2 2 2
m§=2'(b +Cc%)—a 1 m§:2-(a +c°)—b ,
4 4
2 2 2
and m§=2'(a +4b )-¢ (3.21)
9) The equalities (2.34), (2.34') and (2.34") become:
2 2
A'A= a . BBi= b
2.2 (0% +¢?) —a’ 2-,/2-(@% +¢%) - b?
2
and C'Ci= ¢ (3.22)
2.2-@ +b?)-c?
10) The equalities (2.36) and (2.36") become:
G_A:G_B:£211 (323)
GA GB GC 2
in which case the inequality from (2.37) becomes equality:
GA' GB' GC I (3.24)
GA GB GC 38
11) The equalities (2.42) and (2.42") become:
aZ b2
S =—————>S, S =——————-S
ABAL T (07 +¢7) - a? ACBA T @7 +c?) - b?
CZ
and S AAC,B = -S, (3.25)

2-(a%+b%)-c?
in which case the inequality (2.43) becomes an obvious equality.
12) The relationships (2.45) and (2.45") become the equalities from (3.22).
13) The equalities (2.46), (2.46") and (2.46") become:
b? + ¢? a? +c?

AA]_: , BBl: )
J2- (02 +c?)-a’ J2- @ +c%) —b?
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2 2
and CC=__ 2 +b . (326)
J2-@ +b%)—c?
The following remarks is required here:

1. The equalities (3.3), (3.3") and (3.3") can also be obtained by
applying the Cosine Theorem in triangle AB’C’ and taking into account the
same theorem in triangle ABC.

2. It can be shown, quite easily, that in any triangle ABC the double
inequality holds - see (Andrica, Jecan & Magdas, 2019, p. 223):

b ;L C<an< b+c -cos% and the analogues:
a+C pp<dFC -cos%, a;bSCC'SaJFb -cos%. (3.27)

From the equalities (3.27) and according to (Andrica, Jecan & Magdas,
2019, p. 319), it follows that, in any triangle ABC, the double inequality holds:
2:p<AA’+BB'+CC'<4-R+r, (3.28)
3. From equalities (3.22) and according to (Andrica, Jecan & Magdas,
2019, p. 320), it follows that:
AA BB L CC 3 (3.29)
a b c 4
4. Because, according to (Chirciu, 2019, p. 57),
GA+GB+GC>GA:+GB;1+GCy,
it follows that:
AA'+BB’'+CC'>3-(A'A1+B'B,1+C'Cy). (3.30)
5. As it follows from the equalities (3.15), the expressions of ai, b; and
c1 are not very simple. However, it can be shown, not very easily, that (see
Chirciu, 2019, p. 151):

al+bl+ci= g (AA2+BB"2+CC'?)=al+b2+C2. (3.31)

6. Also, the expression of S, from (3.19), is not very beautiful either. However,
we will show that:
S1>S.
First, according to equalities (3.22) and (3.21), we observe that:
2 2 2 2 2 2 2
a a“+b+c m;+m; +m
GAIZGA+AA= £ my+ = ~2 M+, M, (3.32)
3 4-m, 6-m, 9 m,
Analogously we obtain that:
2 2 2
GBFS- m; +mg +m;

2 2 2
2 m;+m_+m
and GC=%2.—2—b ¢

3.32
o s (3.32)

C
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We also note that:

— = : 3.33
Sweas GA-GB 9 m2.-m} (3:33)

Because,

SacaB= % -S, (3.34)

from the equality (3.33) and the inequality (3.34), it follows that:

1 (m2+m?+m?)?
27 mimd
Therefore,

S AGAB, = S. (3.35)

1 (m2+mi+m?)®
P 2 2 2 -S2S,
27 mg-my-mg
because, due to the inequality of the means:
2 2 233
i_(ma:—mb;_mzc) >1.
21 mg-my-mg
7. Of course, using the above results, other interesting results

regarding S’ can be obtained; for example (see Chirciu, 2019, p. 61):

S1=S AGA,B, +S AGA,C, S aGB,C, =

9-AG-GA;=9-BG-GB;=9-CG-GCy=a*+h?+c2. (3.36)
Hint: We use the equalities (3.22) and the fact that:
AG= 2 -Ma and GA'= 1 -Ma,
3 3
in which case:

9-AG-GA=9- % «ma'(GA'+A'A1)=2~m§ +g -mi .

8. Now, summing the equalities from (3.36) and taking into account the fact

that:

a?+b%+c?=2-(p%-r%-4-R-r), (3.37)
from equalities (3.36) and (3.37), we obtain that:

AG-GA+BG-GB+CG-GCy= % (p-r-4-R-T), (3.38)

9. We can obtain very interesting inequalities. For example, starting
from the fact that in any acute triangle ABC, (see Andrica, Jecan & Magdas,

2019, p. 143):

a2+b+c2>4-(R+r)?, (3.39)
we obtain the following inequality,

AG-GA1+BG-GB1+CG-GC124-(R+r)?, (3.40)
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or, in other words:

p2-r2-4-R-r=6-(R+r)>. (3.41)
10. Also from the equality (3.38), we obtain that:
4.1-(2-R-1)<AG-GA+BG-GB+CG-GCi< % (2-R241) (3.42)

Hint: It is shown that:
p2-r2-4-R-re[6-r-(2-R-r),2-(2-R?+r?)].
11. If:

» A"B"C" is the G'-cevian triangle of the triangle A’'B’'C’, that is, the median

triangle of this triangle A'B’'C’;

» A"'B""C" is the G"-cevian triangle of the triangle A"B"”C", that is, the

median triangle of this triangle A"B"C";

> AMBMCWM js the G"'-cevian triangle of the triangle A”’B"'C"’, that is, the

median triangle of this triangle A"'B"'C"’;

> AMBMCH js the G™D-cevian triangle of the triangle ATYBM-DCMD, that is,
the median triangle of this triangle A™YBM-DC-Y),

then the following equalities hold:

A=A"=A"=AM=_ =AM=A B'=B"=B"'=BM=, =BM=B,
and C'=C"=C"'=CW=_=CM=C;  (3.43)
a’:i a”:a_':E ’”:a_”:a_,:E ('V)_a_m_a_”_a_,_i
2’ 2 4’ 2 4 8 2 4 8 16
n_a(nfl) _a(n—z) _ a” a’ a )
’:9 b= b’:E "’_K_E_E ('V):b_m:E:E:E
2’ 2 4’ 2 4 8 2 4 8 16
(D) p(n-2) , .
b(n):b—:b 5 :___:b_:L:L : (344’)
2 2 "2 nt o on
C’:E, C”:C_':E’ ’”_C_”_C_':E, ('V)_C_m_c_”_c_’_ ¢ ,
2 2 4 2 4 8 2 4 8 16
r‘I_C(n—l) _C(n—2) _ C” C' _ C ) "
’:B ":E:E '”:p_”:E:p (iV):p_m:p_”:E:B
IO2"024"0248"024816’
(n-1) (n-2) " !
m_ P _p" Y _ _ P _p _P.
pM= ST T o T (3.45)



’:B ”:E’:B ”’_R_” :E_E R('V):R_W:R_” :E:B
2 2 4’ 2 4 8 2 4 8 16
(n-1) (n-2) R" R R
rRm=R_"_R77_ - " R _R. 346
2 22 2n—2 2n—1 2n ( )
,_ r . r/ _ r . r” _ r/ _ r (Iv)_ r!” _ r" r/ r
r=—, r=—=—, r=—=—= —, M= —=—=_—= —,
2 2 4 2 4 8 2 4 8 16
r(nfl) r(n’Z) ” ’
= —= = :r_ :r_: r : 3.47
2 2 2n2 pnt ¢ R
S’:E, S":i:i’ S”’:S_:E:i, S(iV):S_:S_:i:i,
4 4 16 4 16 64 4 16 64 256
gy gn-2) g S S

We conclude this paragraph with the following six clarifications:
12. According to the equalities (3.46) and (3.47), Euler's inequality
R>2-r, (3.49)
we can look at it as occurring, for every neN*, in any triangle A®B™C®,
13. For every neN*, all triangles A®B™MC®™ have the same centroid.
14. For any point M in the plane, the equality holds:
MA’ + MB'+MC =MA + MB + MC. (3.50)
Hint: The equalities obtained from the Median Theorem are used in vector form:

MA' = % (MA +MB) and the analogues. (3.51)

15. The center of the circumscribed circle of triangle ABC coincides
with the orthocenter of the triangle A'B'C'.

16. Triangles ABC and A’B'C’ are homothetic triangles, by homothety H o b

in the sense that:
H, 1 (AABC)=AA'B'C..
)
(3.52)

17. Triangles ABC and A”B"C" are orthologic triangles - see (Patrascu &
Smarandache, p. 40)

Conclusions and Recommendations
As in the other two papers with the same name (Valcan, 2021, 2022), we showed
that we can study, in the general way, using logical deductibility and the method of
analogy, the Cevian and Circumcevian triangles, in this paper we showed how to
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transpose the results obtained in the general way, in the case of G-cevian triangles
(also called the median triangle), respectively G-circumcevian.

About the principles underlying these two methods and their application in the
didactic act, see (Valcan, 2013). Of course, and in this case, as | have already stated,
the reader attentive and interested in these matters, using usual mathematical
knowledge, valid in any triangle, such as those presented in (Andrica, Jecan &
Magdas, 2019), (Chirciu, 2014, 2015, (T) 2021, (IT) 2021), (Cota et al 1982) and / or
(Tiganila & Dumitru, 1979), can obtain a series of other very interesting geometric
or trigonometric identities and inequalities, some of them very difficult to prove,
synthetically. On the other hand, all these geometric or trigonometric relations
introduced in certain derivable or only integrable functions can lead to a series of
differential or integral identities or inequalities, particularly interesting, such as those
presented in (Stanescu, 2015).

As | stated at the beginning, the work is, exclusively, of the Didactics of
Mathematics and is addressed, equally, to pupils, students and teachers eager for
performance, in this field of Mathematics or, in Mathematics, in general.
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