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Abstract. After defining hyperbolic functions in five previous papers and presenting and
proving their 184 properties, in a recent paper we extended these functions from the set of
real numbers - R to the set of complex numbers - C. Thus, we defined the set C of complex
numbers, all known hyperbolic functions: sh - hyperbolic sine, ch - hyperbolic cosine, th -
hyperbolic tangent, cth - hyperbolic cotangent, sch - hyperbolic secant and csh - hyperbolic
cosecant, also the inverses of these functions. But, to do this, we extended from R to C the
known functions: ex - exponential, Inx - logarithmic, but also the trigonometric ones: sin -
sine, cos - cosineg, tg - tangent, ctg - cotangent, sec - secant and cosec - cosecant, as well as
their inverses. We then presented 18 immediate properties of these functions, properties
divided into two groups: A) The periodicity of hyperbolic functions of complex argument
and B) The values of hyperbolic functions and trigonometric functions of imaginary
argument. In this paper we will continue with the presentation of 36 other properties of these
functions, also divided into two groups: C) The values of the hyperbolic functions of complex
argument, their conjugates and modules and D) The values of the trigonometric functions of
complex argument, their conjugates and modules.
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1. Putting the problem

As mentioned above, in five previous papers | have defined hyperbolic
functions and presented and proved 184 of their properties - see my papers in the
bibliography.

In a recent paper (Vilcan, 2022) we extended these functions from the set of
real numbers - R to the set of complex numbers - C, or, in other words, from the real
line to the complex plane. Thus, we defined on the set C of complex numbers, all
known hyperbolic functions: sh - hyperbolic sine, ch - hyperbolic cosine, tg -
hyperbolic tangent, cth - hyperbolic cotangent, sch - hyperbolic secant and csh -
hyperbolic cosecant, also the inverse these functions. But in order to do this, we had
to extend from R to C the known functions: ex - exponential, Inx - logarithmic, but
also the trigonometric ones: sin - sine, cos - cosing, tg - tangent, ctg - cotangent, sec
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- secant and cosec - cosecant, as well as their inverses. Then, we presented and
proved 18 immediate properties of these functions, which we divided into two
groups:

A) The periodicity of hyperbolic functions of complex argument and

B) The values of hyperbolic functions and trigonometric functions of
imaginary argument.

In this paper we will continue with the presentation of another 36 properties
of these functions, properties also divided into two groups:

C) The values of the hyperbolic functions of complex argument, their
conjugates and modules and

D) The values of the trigonometric functions of complex argument, their
conjugates and modules.

Because, as I just mentioned, this work is a continuation of the work (Vilcan,
2022), in the first part, we have resumed the definitions and main technical results
from (Vilcan, 2022), which we need in the presentation and proof of these 36 of new
properties. Thus, we can say that we have defined, presented and proved 54
properties of these functions, showing that everything we have defined, presented
and proved in the works mentioned above, for real argument functions, can be
extended to the same complex argument functions.

Of course, like the paper (Valcan, 2022), this paper, through its content, is
closer to what we call the University Didactics of Mathematics, than to what is the
Didactics of Mathematics for pre-university education, although in high school
excellence groups may these issues are presented. We say this because in all the
treatises on Complex Analysis these functions are defined and used in large-scale
scientific developments.

2. Presentation of technical results
2. As mentioned above, in this paragraph we present the definitions and main
technical results presented and proven in (Valcan, 2022), and which we need in the
developments in the next paragraph. We keep notations and numbering from there.

Definition 2.5: We define the functions:
sin: C -»C and cos: C - C,

thus: for every z C,

i-z -i-z i-z —-iz

sin=2—¢ and cosx=2 ¢ (2.19)
21 2

Definitions 2.7: For every z €C, for which cosz=0, we define:

tgz= sz and secz= Lt (2.22)
c0sz c0sz
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and, for every z C, for which sinz=0, we define:

ctgz= Céi and cosecz= i . (2.23)
sinz sinz

Definition 2.8: The function sh : C — C, given by law, for every z C,

sh(z)= 2e = shz, (2.24)

is called the hyperbolic sine function of argument z.

Definition 2.9: The function ch : C — C, given by law, for every z C,

z + e*Z not

¢ = chz, (2.25)

ch(z)=

is called the hyperbolic cosine function of argument z.
Definition 2.11: For every z C, for which chz=0, we define the function,

sh(z) ™ iz, (2.29)
ch(z)

th(z)=

and which is called the hyperbolic tangent function of argument z.
Definition 2.12: For every z €C, for which shz=0, we define,

Ch( Z ) not.

cth(z)= sh(2) = cthz, (2.30)

and which is called the hyperbolic sine function of argument z.

Definition 2.13: For every z €C, for which chz=0, we define,
not

sch(z)=$ = schz, (2.31)

and which is called the hyperbolic secant function of argument z.

Definition 2.14: For every z €C, for which shz=0, we define,

h L "o 2.32
csh(z)=—— = cshz, :
O=45 (2:32)
and which is called the hyperbolic cosecant function of argument z.
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Then we defined the following inverse trigonometric functions:

sinz=Tun(iz+1-722 ). (2.33) cos'z=L.n(z+vz%-1), (2.34)
| |

tglz= - .In 1*!'2} (2.35) ctg-lzzi_-ln(z—ﬂj, (2.36)
2-1 1-i-z 2-1 z—i

sec'lzzl-ln(l+ /iz—lj, (2.37) cosec'lz=¥-ln(l+ /1—%}, (2.38)
iz Vz i |z z

shz=In(z++/z% +1), (2.39) chz=In(z+vz* -1), (2.40)

th'lzzl-ln(lJr—zj, (2.41) cth'lzzl-ln(z—”j, (2.42)
2 1-z 2 z-1

sch‘lzzln(%+ /Ziz—l} (2.43) csh'lzzln(%+ /Zinrlj. (2.44)

From the above equations, we immediately obtain that (and) the following
equalities take place:

Remark.15: The following statements hold:

1) For every xeR,

sin(ix)=i-sh’x; or, otherwise: sh™x=-isin"(ix); (5.29)
sh(ix)=i sin™*x; or, otherwise: sin"‘x=-i-sh™(ix); (5.30)
cosx=4-chx; or, otherwise: ch*x=4-cosx; (5.31)
tg(ix)=i thlx; or, otherwise: th™x=-itg*(ix); (5.32)
th(ix)=i tg1x; or, otherwise: tgix=-i th*(ix); (5.33)

2) For every xeR",

ctg(ix)=-i-cthx; or, otherwise: cthix=i-ctg(ix); (5.34)
cth(ix)=-i-ctgx; or, otherwise: ctg*x=i-cth’(ix); (5.35)
cosec(ix)=-i-cshx;  or, otherwise: csh'x=i-cosec(ix); (5.36)
cshi(ix)=-i-cosecx;  or, otherwise: cosecx=i-csh(ix); (5.37)
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3) For every xeR,
secix=+i-schx; or, otherwise: sch™x=+secx; (5.38)
schx=4isec’x; or, otherwise: sec’x=+isch’lx. (5.39")

We leave the proof of the equalities (2.34) - (2.44) to the reader who is
attentive and interested in these issues.

3. Immediate properties of hyperbolic functions of complex argument
We present and prove, below, a list of 36 immediate properties of hyperbolic
functions of complex argument, divided into two groups:

C) The values of the hyperbolic functions of complex argument, their
conjugates and modules and

D) The values of the trigonometric functions of complex argument, their
conjugates and modules

As these results are a continuation of those in the paper (Valcan, 2022), the
numbering will be a continuation of those there.

Thus, we have the following results:
Proposition 3.1: The following statements hold:

C) The values of the hyperbolic functions of complex argument, their
conjugates and modules
19) For every X, y €R,

sh(x+iy)=shx-cosy+i-chx-siny. (3.18)
20) For every X, yeR,

sh(x-iy)=shx-cosy-i-chxsiny. (3.19)
or, equivalent, for every z=x+i-y:

shz=shz . (3.19")
21) For every z=x+iy eC,

hzf=sh?x+sin?y=/h z F. (3.20)
22) For every X, YeR,

ch(x+iy)=chx-cosy+i-shxsiny. (3.21)
23) For every x, yeR,
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ch(x-iy)=chx-cosy-i-shx-siny. (3.22)
or, equivalent, for every z=x+i-y:

chz=chz. (3.22")
24) For every z=x+iy eC,

fehzp=ch?x+sin%y=/hz P. (3.23)

25) For every xeR* and for every y e R\ {%W € Z} ,

. thx+i-tgy
th(x+iy)=——"—. 3.24
bctty) 1+i-thx-tgy (3:24)
26) For every xeR* and for every y € R\ {WW c Z} ,
. thx—i-tgy
th(x-iy)= ————; 3.25
Ociy) 1-i-thx-tgy (3:25)
or, equivalent, for every z=x+i-y for which thx and tgy exist:
thz=thz . (3.25")
27) For everyz=x+iy eC, with xeR*and ye R\{WW € Z} :
/thz/z—M—/thE/z (3.26)
1+th?x-tg?y ' '
28) For every xeR* and for every yeR\ (k-7 /keZ },
.« 1-i-cthx-ctgy
cth(x+iy)=————= 3.27
Octiy) cthx—i-ctgy (3:27)
29) For every xeR* and for every yeR\{k-7 /keZ },
Cth(x_iy)zw : (3.28)

cthx+i-ctgy '

or, equivalent, for every z=x+i-y for which cthx and ctgy exist:
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cthz =cthz .
30) For every z=x+iy eC, with xeR*and ye R\{k-7 /keZ },

cth®x-ctg?y +1

=tthz 2.
cth?x +ctg?y pthz f

fthzf=
31) For every xeR* and for every y eR\¢k-7 /keZ },

csh(x+iy)=

or, equivalent, for every z=x+iy, for which shz=0,

32) For every xeR* and for every y eR\/k-7 /keZ },

shx-cosy+i-chx-siny _ sh(x+i-y) .

csh(x-iy)= ;
Gey) sh®x+sin’y sh?x +sin’ y

or, equivalent, for every z=x+iy, for which shz=0,

cshz= _&i.

|shz|2

33) For every z=x+iy eC, with xeR*and ye R\{k-7 /keZ },

ftshz=——=fshz/

1
|shz]

34) For every xeR" and for every y eR\ {%W € Z} ,

chx-cosy—i-shx-siny _ ch(x—i-y)

sch(x+iy)= X
Griy) ch®x+sin’y ch®x+sin’y

or, equivalent, for every z=x+iy, for which chz=0,

chz

schz= .
|chz|2

33
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sh®x +sin’ y sh®x+sin’y’

(3.28")

(3.29)
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(3.30")

(3.31)
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35) For every xeR* and for every y eR\ {WW € Z} ,

chx-cosy+i-shx-siny _ ch(x+i-y) .

sch(x-iy)= ; 3.34
Gety) ch®x+sin’y ch®x+sin®y (3.39)
or, equivalent, for every z=x+i-y, for which chz=0,
- ChZ T '
schz= > =schz . (3.34)
lchz]
36) For every z=x+iyeC, cuxeR*and ye R\{@W € Z} \
1 —_
schz=——=4kchz/ (3.35)
|chZ]

D) The values of the trigonometric functions of complex argument, their
conjugates and modules
37) For every X, yeR,

sin(x+iy)=sinx-chy+i-cosx-shy. (3.36)
38) For every X, yeR,

sin(x-iy)=sinx-chy-i-cosx-shy; (3.37)
or, equivalent, for every z=x+i-y:

sinz=sinz. (3.37)
39) For every z=x+iy eC,

inz=sin®+sh?y=finz /. (3.38)
40) For every X, y eR,

cos(x+iy)=cosx-chy+i-sinx-shy. (3.39)
41) For every X, y eR,

cos(x-iy)=cosx -chy-i-sinx-shy, (3.40)

or equivalent, for every z=x+i-y:
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COSZ=COSZ. (3.40")
42) For every z=x+iy eC,

05z 2=C0s2x+sh?y=/c0s z /. (3.41)

43) For every xeR\ {%W € Z} andyeR,

. tgx+i-thy
tg(x+y)=————; 3.42
gecHy) 1-i-tgx-thy (3.42)
44) For every xeR\ {%W € Z} andyeR,
. tgx—i-thy
tg(x-ly)= —; 3.43
90x1y) 1+i-tgx-thy (3.43)
or, equivalent, for every z=x+i-y for which tgx and thy exist:
tgz=tgz. (3.43)
45) For every z=x+iy eC, with xe R\{@W € Z} andyeR,
t Z/Z—M—/ghgf (3.44)
g 1+tg%x-th?y ' '
46) For every x eR\ {kT”|k € Z} and for every y eR",
.. 1-i-ctgx-cthy
ctg(x+iy)=——. 3.45
g0x+1y) ctgx—i-cthy (3.45)
.« 1+i-ctgx-cthy
ctg(x-y)=——=; 3.46
90x-1y) ctgx+i-cthy (3.46)
or, equivalent, for every z=x+i-y for which ctgx and cthy exist:
ctgz =ctgz. (3.46")
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48) For every xeR\ {kT”|k € Z} and for every y eR",

ctg®x-cth?y +1 _

tgz A
ctg®x + cth?y poz/

ftgzf=

49) For every xeR\/k-7 /keZ } and for every y eR",

sinx-chy—i-cosx-shy= sin(x—i-y) .

cosec(x+iy)= - - ;
sin® x+sh?y sin” x + sh?y

or, equivalent, for every z=x+i-y, for which sinz=0,

sinz
cosecz= ———
|sinz|

50) For every xeR\¢k-z /keZ } and for every y eR",

sinx-chy+i-cosx-shy _sin(x+i-y)

cosec(x-iy)= = :
o) sin? x +sh?y sin? x +sh?y

or, equivalent, for every z=x+i-y, for which sinz=0,
-_ sinz
COsecz=——.
|sinz]
51) For every xeR\/k-z /keZ } and for every y eR",

fosecz/= i =/fo0sec z /
|sinz]

52) For every x eR\ MW e Z ; and for every yeR”,
2

cosx-chy—i-sinx-shy _ cos(x—i-y)
cos? x+sh?y cos? x+sh?y’

sec(x+iy)=

or, equivalent, for every z=x+iy, for which cosz=0,

C0Sz
SeCl=——~

lcos z|2
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53) For every xR\ {WW S Z} and for every y eR”,

cosx-chy+i-sinx-shy _ cos(x+i-y) .

sec(x-iy)= ; 3.52
bey) cos? x +sh?y cos? x +sh’y (3:52)
or, equivalent, for every z=x+i-y, for which chz=0,
secz =98 ZZ =secz. (3.52)
lcosz
54) For every xR\ {%W S Z} and for evey y eR*,
1 —
heczf = ———=p)ecz/. (3.53)
lcosz|

Proof: 19) Equality (3.18) results from the equalities (2.17), (2.18) and (2.24).
20) Equality (3.19) follows from the equalities (2.17) and (2.24).

21) Equality (3.20) follows from and the equality (3.18) and from the equality (3.1)
in (Vilcan, 2016).

22) Equality (3.21) follows from the equalities (2.17), (2.18) and (2.25).
23) Equality (3.22) follows from the equalities (2.17) and (2.25).

24) Equality (3.23) follows from and the equality (3.21) and from the equality (3.1)
in (Vilcan, 2016).

25) Equality (3.24) follows from the equalities (3.18) and (3.21).
26) Equality (3.25) follows from the equalities (3.19) and (3.22).
27) Equality (3.26) follows from the equalities (3.24) or (3.25).

28) Equality (3.27) follows from the equalities (3.21) and (3.18) or from the
equalities (2.30) and (3.24).

29) Equality (3.28) follows from the equalities (3.22) and (3.19) or from the
equalities (2.30) and (3.25).

30) Equality (3.29) follows from the equalities (3.27) or (3.28).

31) Equality (3.30) follows from the equalities (2.32) and (3.18).
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32) Equality (3.31) follows from the equalities (2.32) and (3.19).

33) Equality (3.32) follows from the equalities (3.30") and (3.31").

34) Equality (3.33) follows from the equalities (2.31) and (3.21).

35) Equality (3.34) follows from the equalities (2.31) and (3.22).

36) Equality (3.35) follows from the equalities (3.33") and (3.34).

37) Equality (3.36) follows from the equalities (2.19), (3.13’) and (3.14).

38) Equality (3.37) follows from the equalities (2.19), (3.13") and (3.14),
respectively from the equalities (2.9) si (2.10) in (Valcan, 2016).

39) Equality (3.38) follows from the equalities (3.36) or (3.37).
40) Equality (3.39) follows from the equalities (2.19), (3.13") and (3.14).

41) Equality (3.40) follows from the equalities (2.19), (3.13') and (3.14),
respectively from the equalities (2.9) si (2.10) in (Valcan, 1).

42) Equality (3.41) follows from the equalities (3.39) or (3.40).
43) Equality (3.42) follows from the equalities (2.19), (2.22), (3.36) and (3.39).

44) Equality (3.43) follows from the equalities (2.19), (2,22), (3.37) and (3.40),
respectively from the equality (2.11) in (Valcan, 2016).

45) Equality (3.44) follows from the equalities (3.42) or (3.43).
46) Equality (3.45) follows from the equalities (2.23), (2.19), (3.39) and (3.36).

47) Equality (3.46) follows from the equalities (2.23), (2,19), (3.40) and (3.37),
respectively from the equality (2.12) in (Valcan, 2016).

48) Equality (3.47) follows from the equalities (3.46) or (3.47).
49) Equality (3.48) follows from the equalities (2.23) and (3.18).
50) Equality (3.49) follows from the equalities (2.23) and (3.19).
51) Equality (3.50) follows from the equalities (3.48) or (3.49).
52) Equality (3.51) follows from the equalities (2.22) and (3.21).
53) Equality (3.52) follows from the equalities (2.22) and (3.22).
54) Equality (3.53) follows from the equalities (3.50) or (3.51).
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Of course, and here, as in the previous work (Valcan, 2022) we have
presented only the ideas of proof, their verifications being immediate, we leave them
to the reader.

References:

Apreutesei, G., (2010), Complex analysis course, Editura Polirom, Iasi.

Hamburg, P., Mocanu, P., Negoescu, N., (1982), Mathematical analysis
(complex functions), Editura Didactica si Pedagogica, Bucuresti.

Valcan, D., (2016), Teaching and Learning Hyperbolic Functions (I);
Definitions and Fundamental Properties, PedActa, Vol. 6, (2016), Nr. 2, p. 1-21.

Valcan, D., (2019), Teaching and Learning Hyperbolic Functions (I1); Other
Trigonometric Properties and Their Inverses, in Journal of Education and Human
Development, Vol. 8, No. 4, 2019, pp. 159-176.

Valcan, D., (2020), Teaching and Learning Hyperbolic Functions (llI);
,Integral” Properties And Relations Between Their Inverse, in Journal of Education
and Human Development, Vol. 9, No. 1, 2020, pp. 128-145.

Valcan, D., (2020), Teaching and Learning Hyperbolic Functions (IV); Sum
And Diferences Of Inverse Hyperbolic Functions, in International Journal of
Innovation in Science and Mathematics, Vol. 8, No. 5, 2020, pp. 198-251.

Valcan, D., (2021), Teaching And Learning Hyperbolic Functions (V); Two
Other Groups Of Properties Of Hyperbolic Functions, Tn IOSR Journal of Research
& Method in Education (IOSR-JRME), 11(1), (2021): pp. 48-67.

Valcan, D., (2022), Trigonometric Functions And Hyperbolic Functions Of
Complex Argument, in Traditie si perspective in didactica modernda, Vol 5, (2021):
pp. 116-124.

39



